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ABSTRACT

This report contains sixty maps presenting computational data
pertaining to the geometric properties of the geomagnetic field
and a brief related theoretical description to nlmke this material
more meaningful. The maps display (1) the values of total field
intensity (B) and Mcllwain's magnetic shell parameter (L) for
altitudes from zero to two thousand kilometers, (2) the detailed
value of total field intensity near the South Atlantic anomaly,

(3) the traces in both hemispheres of points with a fixed value

of B and L and (4) some other geomagnetic properties. The
description includes tables of the geomagnetic coefficients used
and a description of the codes utilized,

The maps have been carefully checked, Because of the magnitude
of this task and the wide distribution, notification of any detectable

errors which may have been overlooked would be appreciated.
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DESCRIPTIVE MATERIAL

| INTRODUCTION

The earth's magnetic field has been studied since the dawn of modern physics.
There are authoritative descriptions of the older work in references (1) and (2).
Naturally enought the earlier students were interested only in the field on the
surface of the earth--field which affected the compass. This interest led Gauss
to devise the method of expansion in spherical harmonics which has dominated

descriptions of the geomagnetic field for a century and a half,

More recently, inspired by Birkelund's terrella experiments which so
spectacularly simulate auroral displays, geophysicists began to investigate the
causes of the aurora and so initiated the study of the behavior of charged particles
in space. There i8 an excellent description of the older work on this problem in

reference (3) and the newer ideas are collected in reference (4).

Astrophysicists soon recognized the importance of this work to problems of
stellar evolution and related astronomical phenomena. The background to modern
work in this direction is well summarized in reference (5). More recently still
it has been widely recognizei that these effects, originally observed in an
astronomic context, could be of great use in practical applications of fusion processes.
The literature on plasma physics is already immense and mostly not too relevant
to geomagnetic phenomena but some work which originated in plasma physics is of

great importance (for example, references (6) and (19).

Finally, the work of Van Allen and his collegues (see, for example, reference
(7) has clarified the physical picture involved in radiation belt and shell formation
and placed the mathematical models of charged particles in space on a firm

observational basis.
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11 PHYSICAL BACKGROUND

For an adequate description of the graphs in this report there are
three separate stages in the development of the subject which must be
considered - first, the basic geometry of the earth's geomagnetic field; second,
the motion of charged particles in that field; and third, those special properties
of the geomagnetic field of particular interest to studies of particle motion.

Each of these is discussed separately below.

The Geomagnetic Field

The geomagnetic field unquestionably exists but its fundamental cause
has not been satisfactorily explained. Paleomagnetic studies (9) indicate
that it has been present since the beginning of geologic history. In the
absense of any fundamental theoretical derivation it has been necessary to
determine the geomagnetic field strictly from observational data. This is
permissible because good observations exist over a wide range of time and
location.

The geomagnetic induction ﬁ is a vector quantity which is conventionally
measured in a variety of ways. B is related to the force F exerted on a particle

of charge e moving with velocity T by

- -

F-'.=eu®B.

The geomagnetic field I:i is equal to E divided by the permeability

of free space which is equal to one in electromagnetic units. Thus

in electromagnetic units H and B are numerically equal but physically distinct

fields. In this discussion the three magnetic induction components

BBy B,

are used where r,®, andgare spherical coordinates with respect to the earth's
. center. The polar axis will be identified with the geographic axis in such

a way that 6=0 at the north pole (thus © measures south co-latitude rather than

vi
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latitude), The azimuthal coordinate ¢ is taken as geographic longitude, east
of Greenwich meridian. The earth's radius is symbolized by R and was taken

to be 6371.2 kilometers in these caiculations,

Charts of the magnetic field at different epochs are available from
various agencies. The United States Naval Hydrographic Office has under-
taken to produce up-to-date compilations at regular intervals. The data on
these charts are used as input to analyses described below. Other agencies

(especially in the Soviet Union) have also produced up-to-date charts of the

NORTH

Spherical Coordinate System
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magnetic field and these charts have sometimes been used to modify the
standard navy charts. Satellite information has also been used to modify

surface observations (see reference (10)).

The classical Gaussian analysis of the geomagnetic field requires the use
of some rather ponderous classical mathematical analysis since it works with
expansions in series of spherical surface harmonics. These classical mathemat-
ical techniques are presented in various manners in many different sources.

The discussion in reference (11) is rigorous and complete and provides an
excellent introduction to the literature. A more conventional description

is given in reference (12).

The spherical surface harmonics are a double series of functions defined

on the surface of a unit sphere with coordinates 8 and

Q
]

cos{m¢) P;n(cos o),

H

. m
mn sin(m®) Pn (cos®) ,

where P;n are associated Legendre polynomials as described below; n ranges
from zero to infinity and m from 0 to n. It should be noted that HOn = 0 for
all n. These functions are all mutually orthogonal over the surface of the
unit sphere, that is for all m,m',n and n!

[0 sine [ag G H ., =0,

[20sine [30G_ G

oS mint = 0 if m'#m or n'#n,

[205in6 [3gH__H | , = 0 if m'¥m or n'#n,
mn m'n

Thus any function on the surface of the sphere can be expressed as the sum of
series in terms of these functions
n n
f(8,9) “n=o g'ng-'o gmnGmn +mz=l hmnHmn)
and this expression is unique (with the usual restrictions on discontinuities).
As is shown below the coefficients €.n and hmn are easily obtained by

integration.

vi



The associated Legendre polynomials are defined in many different ways.

Perhaps the most convenient form is the Rodrignell formula

n (n-m)!
2n!

.. m d .m+n ., n
sin O(W sin 0.

P:‘ (cos 0) = {-)

The normalization factor {(n-m)! /2n! is that of reference (13) which has become
conventional in a large part of geophysical literature. A factor of 1/2Pn! is used
in references (11) (also with a (-)™ multiplier) and (12) and most standard
references. A change in normalization does not effect the basic procedure

but it does change the values of the geomagnetic coefficients g, and hy .;

for example, the more usual normalization would lead to coefficients which are

2" n! (n-m)!
2n!
times the conventional geomagnetic coefficients.
The coefficients g and h can be obtained in the standard fashion
mn mn

[28.sin0 [391(0, v) G . =8, J20sine Jaoc?

2% (ntm)! 2n!®

“&mnn 2o+l (n-m)i® 2372
so that
i J‘aeamejaepcmnf(e, )
Bmn = 2w (ntm)! 2n'° '
2n+l (n-m)! 230,13
90si 3
L [20sin8] PH__£(6,9)

mn 2r  (n+m)! 2n!2

2n+l (_x;-m)!s Zann‘|3

The particular application of these mathematical results which is of

interest here is the case where £(0,p) is one of the geomagnetic quantities.
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Since all of the various forces and inductions can be obtained from a geomagnetic
potential (if one exists) it is conventional to take f as the geomagnetic potential

V on the surface of the earth and use ''geomagnetic coefficient" to mean the
coefficients in the expansion of V. For example, Gauss described the earth's

magnetic field (in Gauss) in the year 1835 by

g = 0 , g = +,3235, g = -.0311, g = -.005],
oo o1 1 03
= -, 0292, g = +,0002, h = -, 0625,
13 23 1
h =-.0012, h = -,0157,
12 ]

The geomagnetic potential V is not itself directly observable. The in-

dividual forces and inductions, however, are observable and, in electromagnetic

units,
-}
Br= "3 v,
1 3
By=-7% V°
_ 1 d
Bcp_'tsine %V,
Since

v=% £ @ G +h H );

n=0 m=o mn mn mn mn

it follows, for example, that -

B =..1 _ 8 % 3 3

D e es— b)) —— ——
(1) R 8in 8 n=o m=o (gmn Y ml'l+ mn %9 mn

and, since O = - _B_ =
» 3 Gmn mHmn. and % Hmn m Gmn ,

vill
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- m— z -
BCP ® ° Rsin® n=o m=o m( gmnHmn+ hmnGmn) :

so that

_ Ruind [20sine j‘acpcmnrscp

mn m 2 (n+m)! 2n!°*
2n+l (n-m)!® 231

2

n!?

and so on. There is a similar approach based on BG' For Br as will be dis-

cussed below it is necessary to introduce a radial dependence.

The analysis just described is an excellent means of studying the
geomagnetic field and its changes so long as attention is confined to the
surface of the earth. In order to describe the behavior of charged
particles in space it is necessary to extend this knowledge above the
earth's surface. For this purpose, some additional assumptions are required
because the analysis given above is valid for any function whatsoever defined
over the earth's surface. If there were no geomagnetic potential the only defect
in the surface analysis would be that the coefficients derived from Bg would
not equal those from Bw. Since Maxwell's equations virtually insure the
existence of a potential this is a priori unlikely to occur and experience
shows that the minor differences which do arise are well within the obser-

vational uncertainties.

In order to make an extension of the analysis into space {or to evaluate
B,) it is necessary to assume that the values on the surface are boundary
values of some field which fills space and whose behavior is known. If the
field is constant and there are no magnetic sources in space then the
potential must, by Maxwell's equations, be magnetostatic and satisfy
Laplace's equation

0=t eV e v L2 el v
TR sin>0 dp° tsinede %% ).
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The solutions of Laplace's equation (and related material) are well known
as the subject matter of potential theory (see, for example, reference (14)).

One of the theorems of potential theory states that the potential is uniquely

determined by its boundary values.

The magnetic field is definitely not constant. However, the hope is
that it can be assumed (a) to be approximately constant (an adiabatic
constant in the sense used in the discussion below on the behavior of
charged particles) with respect to very long term changes and (b) to
smooth over short term changes. The smoothing has not been very carefully
standardized--''it is usual to take an annual mean based on quiet days as
the value of the main field at any station" (reference (2)). Many of the
irregularities arise because the second assumption---no sources in space---
is also invalid. Ionospheric currents are easily detectable but these alone
do not cause all the variations; some sources of irregularity have never
been explained. It is the hope that smoothing will permit the discussion
of any adiabatic constant geomagnetic field. In the absence of a definitive
treatment of this problem it seems best to proceed with the magnetostatic

assumption.

The computer codes used in making these computations apply equally well
to all the points on the earth's surface. For this reason the data has been extended
into close proximity to the magnet and geographic poles. Many geophysicists
believe that computations based on the magnetostatic assumption are very in-
accurate in the "auroral zone'' (say, above about 50" in latitude) because this
zone is subject to interference from interplanetary magnetic disturbances and
the lines of force originating here extend so far into space that they may not close
or may be persistently broken. Until this question is settled the data presented

here for the region near the poles should be used with caution.

In this case the extension from boundary value to potential in space is

formally immediate because

n+dl n
R

V =
n=o rn+1 m=o

(gmnGmn+ hmnHmn)

1X
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is the unique solution of Laplace's equation which vanishes at infinity such that
n
ve S . G _+h_H_)
n=o m=0 "mn mn

mn mn

on the surface.

This shows how Br can be used to determine the coefficients
since

v o n+1 n
- = I _— I
Br * '5; n=o (nt1) rn-l—ﬂ m=o (grnnGmn+ 1"rmemn)

in general and on the surface

n
=1 8 T
B "R % (n+1) m=o (gmnGmn+ hmnHmn) ’
so that
R Jaesine [ooG_ B_
Emn - n+l

2r  (ntm)! 2n!°
Zntl (n-m)!3 2ohp 3

and so on. The general formulas for B_and B

g 3Te easily obtained and
closely resemble those for points on the surface.

! f Rn+=l- n
B@ ® “TRein® n=o 3 mg-'o m('gmnHmn"' hmnGmn) ’
nti n
1 R 3 3
- z .
BO *"R ngo rn+:L m=o (gmn 3 Hmn+ hmn 1) Gmn)

It is most convenient to work with a system of units which measure r in

earth radii so that R=1 in all the equations given above.

It is easy to conceive how the formulas given could be embodied in

a computer program. There is such a program--a subroutine called

MAGNET--which originated with Air Force Special Weapons Center,
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Kirtland A, F.B. This subroutine exists in several different versions
depending on the values used for the geomagnetic coefficients. Another
form of this subroutine utilizing identical mathematical procedures but
written in FAP for speed and convenience in changing geomagnetic
coefficients has been prepared at TEMPO. These versions give
identical (to five significant figures) results when used with the same
coefficients except at poles where the AFSWC version fails to compute

Be correctly.

Most of the computations reported here used a set of 48 coefficients
obtained by D.C. Jensen and J.C. Cain (reference (15)) for epoch 1960; these
were compared in some computations to a set of 512 (nominally, actually 568
were used) due to D.C. Jensen and W.A. Whitaker (reference (16)) for epoch
1955. The difference is relatively small. The 48 coefficients of Jensen and
Cain are shown in Table A; the Jensen and Whitaker coefficients are shown
in Table B. The Jensen and Whitaker coefficients are also reproduced in
reference (10); the version in Table B differs slightly but the difference is

probably not significant.

Motion of Charged Particles

The motion of charged paticles in a magnetic field is a well-known
phenomena. In particular, all the experience of plasma physics is available as
well as work in aurora and stellar physics. The motion has been studied in
detail (see, for example, reference (17)). Suppose a particle has relativistic
mass m and charge e and it moves with (vector) velocity u— in a magnetic
(induction) field E then its acceleration ais given (in rational electromagnetic
units) by
wu®B

-
as

Ble

where @ is the vector outer product. If B is uniform of strength B in the

direction of the z-axis then
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Table A. Geomagnetic Coefficients as giver
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icients as given by Jensen and Cain (in gauss)

33
233
24
36

3e
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48
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~a

-. 013381

-. 024898

-. 021795

-. 019447

+.003212

-. 006496

+. 007008

-. 000608

+.021413

-. 002044

+. 002775

+. 001051

+. 000697

+. 000227

+. 001115

a8

34

-. 001579

-. 004075

+. 010006

-. 002000

-. 008735

+. 000210

+. 000430

+. 004597

-. 003406

+. 001385

+. 002421

-. 000118

-, 001218

-. 001116

-. 000325
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and the particle moves in the trajectory (assuming it is initially at the origin
with velocity w)

x = (w_ +w_sinlt-w cosht)/),
Yy X y
ys= (-wx + wyuin A - w_cos ) /N,

zsw’t.

where the angular frequency \ = -:; B. The projection on the x-y plane is a circle
with its center at x = wy/k. y = —wx/)\ and radius w, /\ where
w: = w; + w; .

The projected motion in the x-y plane is therefore a circular path with period
2n/\. If the angular frequency ) is very large the particle can then be smoothed
out over its circular path and viewed as a ring current of (electromagnetic)
intensity e\ /27 and radius wl/)\ moving along the z-axis with constant velocity
w - For the geomagnetic field near the earth B is on the order of 0.1 gauss
(equals 10-® kg/sec-coulombs) and since e/m for electrons is approximately
2% 10! coulombs/kg it follows that A is about 2 X 10°® revolutions per sec. Since
A depends inversely on particle mass the period of a proton is about 2000 times
longer than that of an electron but this is still only a few milliseconds so that
the smoothing into a ring current seems to be a valid physical approximation
for both particles. The size of ring is quite modest--even if w, is taken as the
speed of light the radius for an electron is only a few hundred meters. For
protons the radius is considerable if the energy is large and the theory given
here must break down for very high energy protons, say above 1 Bev where
the radius is about 10 km.

Thus the charged particle will behave like a small current whirl

with the usual dipole moment (in inductive units)




a
M imwL /Bo .

directed, of course, in such a way as to oppose the field.

The physical picture just described is often called the "guiding center
approximation'. The particle is replaced by a moving dipole whose position
describes the trajectory of the guiding center. In the uniform field for
which the picture was developed it is exact but it is also applied to
situations in which the field is not uniform. If non-uniformity is introduced
slowly enough the motion should be adiabatic (see reference (18) for a more
complete discussion; a really thorough rigorous discussion of this point is
still needed), and the dipole moment should behave like a physical invariant.
Since the field does no work on the particle the total velocity is a true

invariant. If w is the total velocity then, under the adiabatic assumption,

2 _ .3 2
w -w'+“&,a

(w, is the velocity along the lines of force of the field and w, is the velocity

""perpendicular' to these lines) so that

2 _ 3 BM
w —W“+E.

Hence if B becomes as large as %

i mw'/M it is necessary for w, to go to zero.

If a charged particle is introduced into space in the geomagnetic region,
say with initial velocity w, parallel to magnetic field and w, perpendicular

to it, then it acquires a magnet moment

M= 2 mw]/B

if B, is the initial field strength. It will move along the field lines as
determined by the initial component w, . In general the geomagnetic field
is such that higher altitudes correspond to smaller fields but each line of

force rises to a maximum and then returns to the surface of the earth. This
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where
B? = B: + B; = (4cos®g + sin?g) (m/4wr3)? ,

so that B is total field strength. If the equation for a line of force is utilized

the field strength at colatitude § along a line of force is seen to be

=8 cos® 8+ l)i'ﬂ
4vL°gin" @

The derivative of this expression with respect to ¢ is proportional to

cos g(3+2cos®6)

so that there is a unique minimum B at g= 7/2 where B =»/4xL°., In this
situation the pairs of points with equal latitudes (with colatitudes 6 and
n/2-8) are mirror points. The equator can be characterized as those points

which mirror to themselves.

There is no a priori reason why there should be only 2 minimum of
B along any line of force but observation and calculations have not uncovered
any locations where multiple minima occur., If such multiple minima were
found it would mean that some particles could go from mirror point to
mirror point about one minimum without even coming into contact with

particles moving around another minimum.

The oscillation of a particle between mirror points is accompanied by
an additional motion as the guiding center drifts across the magnetic field.
This motion is rather slow (in the geomagnetic case) and more difficult to
study than the basic case outlined above. The basic reasons for the drift
arise from the non-uniformity of the geomagnetic force; other fields also
contribute to drift byt their contributions are very small; a more detailed
discussion is given below. Plainly it is necessary to find some other
"'constant'' of motion to describe the process. An adiabatic "invariant" 1
has been proposed (by M. N. Rosenbluth, see reference (19) for this
purpose, It appears to be based on the analogy between a particle oscillating

between mirror points and a pendulum-type motion in a one-dimensional

potential where it corresponds to the action integral
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J = $xZE-VR) ,

where E is energy and V(x) is potential energy.

Since w? = w? + ;Mr;- B can be written in terms of energy as

+ MB ,

tmw® = i‘mw?.

where imw"' can be interpreted as the total energy available for motion and
Qmwla“as kinetic energy of motion, it follows that MB can be interpreted as

potential energy available for motion. Then

J = §Bs Ve (dmw? -imwag)

=Vm w §33J1-PB—n .

because M = ﬁmw'a/Bo if B_ is the field at a mirror point. Since/mw is

a constant these can he dropped and

1=¢2 ~/1-%°

(where the integral extends over arc-length from mirror point to mirror point)

is an adiabatic invariant (if J is such an invariant, see reference (19)). A
proof that I is an adiabatic invariant is presented in reference (7). Since
the argument just presented is highly heuristic such a proof is clearly

needed.

The two quantities B, and I define a pair of lines (each containing the
mirror points of the other) around the world and therefore would be adequate
to describe the drifting of particles geometrically but not kinematically.

That is, they determine where the particles go but not the rate of movement

For many purposes the geometry alone is adequate and it is this geometry

which is presented in the graphs of this report. For the sake of completeness,

a brief sketch of the details of motion follows (based on Alfvén,

reference (5) see also reference (20)).
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There are two main causes for drift perpendicular to the magnetic field which
operate in the absence of other fields--a free dipole with movement M in a

non-uniform field will drift as it is acted upon by a force
7 (M- B).

In the present case, however, the dipole is not free since it is constrained to move
along a line of force and another force term must be included to account for the

centripedal effect of this constraint, This centrifugal force is given by:
mw? 2%
It 3s®

where X is the position of the guiding center. Since X follows a line of force

x _B
3s B
and, therefore
3¥x 1 1

2 :-5B - BinE .

When the non-uniformity force and the constraint force are combined the total

effective force is
2

(M+-!%v-?‘-)33 -%}ﬂt (B ¥p) B
The second term of the expression acts along the line of force and does not contribute
to the drift.
In order to evaluate the drift consider a change of frame to a system moving with
drift velocity YV . In this new frame the magnetic field will appear to contribute
an electric force given, to the first order approximation of the relativistic correction
by

-l

LR

Then the force on the particle has been changed to

-y

[

+ceE' = F + ev®B ;
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and this can be made to vanish by taking
v = .elB, F88 ,
which is, therefore, the particle drift velocity.

In terms of the force obtained above

Ve LM+ FB35) - D dwiew?)(TBEE)
Note especially that since the charge e appears it follows that positive and negative
particle will drift in opposite directions--electrons move eastward ard protons west-
ward in the earth's field. Detailed calculations of the drift velocity for a dipole earth
have been made several times (see reference (20) ). There it is shown that a 1 MEV

electron requires about 30 minutes to orbit the earth.

Geomagnetic Geometry

Since the geometry of motion of trapped particles is governed by the
quantities B and I (the subscript zero at mirror point field strengths will
be omitted if there is no chance for confusion) it can be visualized in terms
of these quentities, Iis however,somewhat awkward to work with; for
example, there does not seem to be any closed form expression for

(3 cos®g + l)% sin®g %
sin°g

T -6, %
Iop = Lj 39sin 8[3 cos®@+1]°[1 - I
8o (3 cos®g + 1)
o

the value of I for a particle mirroring at colatitude 6_in a dipole field.

This is not especially objectionable on the basis of applications because the
earth is not exactly a dipole -- the dasviation about 5%--but rather because it
interferes with intuitive understanding. Such understanding is based,

naturally enough, on the traditional dipole representation of the earth which
has proved very useful. In an effort to preserve the value of such under-
standing Mcllwain (reference (21)) proposed another quantity L. be used instead.
Roughly speaking L is the radial distance at the equator which a line of force

would have if it were a dipole line rather than a realistic one.

Suppose & (@) is the function defined by the integral just quoted so that

Inp = Leo .




Since, as shown earlier

H
B=Lsin9 (l+3cos°9)% ,

1°B/H = &(g) = (1+3 cosae)tl sin®@ ,
and, therefore, if ) is the functional inverse of ¢

I°B/H = L3®B/H®®) = L®B/H&(Q(L® B/H))

so that there is a functional relationship between I°B/H and I° B/H. This

can be in\ :rted so that, for some function f,

L®*B/H = f(I°B/H) .

Thus, ifIis known L can be calculated. Mcllwain (reference (:21)) gives an
approximate formula for f and table which is presented in Figure A. A more

exact formula, also due to Mcllwain (reference (22)) gives

L3B
A = log( T - 1)
. I*B .
as a function of u = log (T) in the form
9 n
A=z a M ’
n=0 n

where the o, areas shown in Table C. This formula improves that of
reference {21) and was used (with one small change) for all the calculations
reported here, There is a very recent change included in Table Cwhich
was not present in the calculations--it seems that the difference due to this
change should be quite small (less than 1%) and then only in the immediate

neighborhood of the geomegnetic equator.
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Table C. Coefficients in polynomial to MclIlwain's {

If us-22.0
Qo = +.30062102 1, = +.333338

if -22.0 <us -3.0
1= +. 62337691 a, = +. 43432642 %= +. 15017245107
a,= +.13714667- 107  a, = +.82711096-10 ag= +. 32916354 10°°
de= + 81048663 10 =
Ug= -, 81537735+ 1F

.10066362-10™°  %e= +,83232531°10 7

1
+

if -3.0 <us +3.0

0y = +. 6228644 %y= +. 43352788 da = +. 14492441107
0g= +.11784234: 107 Q= +,38379917-10"% ags= -, 3340882210

= -.53977642:10"° o= -.21997983.10" g = +.23028767-10
%g= +. 26047023107

if 43.0'<us +11.7

Qo= +. 6222355 a,= +. 43510529 Gg= +. 12817956+ 10 '
- - -4

0p= +.21680398-10° o = -.32077032-10°° gg= +.79451313. 10

0= - 12531932:10™ ¢ = +.99766148:10 ° q,= -. 3958306° 107

g™ +. 63271665-10°

if+11.7 <us 23
%o = +2. 0007187 ay= -. 18461796 o = . 12038224
Qg= -.67310339:107° = +.2170224-10">  as= -, 38049276 10~
Ge= +, 28212095+ 107"

if 23 <u
= -3, 0460681 o= +1.0




The idea behind using L. instead of I is that L. is geometrically simplier
than I but carries al! the physical significance of I, This happens because

L is almost constant along lines of force--Mcllwain reports a maximum

percentage deviation of 1%. All the particles which begin to move from any
one point spread themselves along the line of force through that point. Then

as they drift perpendicular to the field their mirror points sweep out a surface
defined by all the lines of constant B and L passing through the initial line

of force. In general, lines of force do not lie in this surface and the

particles moving between the mirror points do not move on the surface. The
separation away from the surface is small however and the concept of

"magnetic shell' is valid if it is allowed to have a finite, though small thickness.
This shell is uniquely characterized by L up to the variation of L along a

line of force. Hence L is called the "magnetic shell radius" or "magnetic shell

parameter', This parameter is displayed in detail by the graphs in this

report.

The first set of maps (1 through 38) show contours of constant B and L at
fixed altitudes, These graphs allow data be reduced in the B and L
coordinate system and then replotted in geographic coordinate and conversely.
The next set of maps (39 through 48) show curves defined by a fixed pair

of B and L values.

The B-L mirror point traces show an unexpected geometric feature which
deserves emphasis, All the points above any particular point on the earth's
surface belong to different traces depending on the values of B and L at
these points, There is not a priori reason why the different traces should
not circle the world essentially independently of cach other. In matter of fact,
however, the different traces all pass over virtually the same points on the
surface. What is even more startling is that the opposite mirror points

to these points also show the same consistency and ''stack" over on another,

Thus, the geometry can be visualized by a set of irregular cones originating

at the center of the earth, These cones are paired by containing all the mirror
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points of one another and can be said to form a system of geomagnetic
shell latitudes (these latitudes are illustrated on map 52). The equatorial
cone is its own conjugate and is defined as the geomagnetic equator; it is

shown on map 51.

IIl. DESCRIPTION OF MAPS

All of the maps in this collection are plotted on a straight forward pro-
jection of the earth which permits cxtension ot the poles without unduly
distorting the remainder of the earth's surface. On the worldwide maps there
is a superimposed grid of geomagnetic "meridians'. These meridians indi-
cate the general trend of lines of force as given by the Jensen and Cain
coefficients. No individual lines of force can be taken as typical because they
either do not reach high latitudes above the surface or extend too far into
space for really trustworthy calculations. The approximate meridians shown
were obtained by following a "line of force' constrained to maintain a con-
stant altitude of one hundred kilometers. That is, it represents the path of
the guiding center of a charged particle constrained to this altitude; so that
it is not especially useful in itself but it does represent a convenient approxi-
mation to all the true lines of force at different altitudes. These meridians are
not exact and should be supplemented by precise calculations if accurate

meridians are required.

The maps are divided into sections, (A through G) each of which in-
cluded a set of similar displays. The individual sections are described in
detail below. The programs used are described very briefly, more de-
tailed descriptions will appear in a forthcoming TEMPO report. All of the
programs are available from the DASA Computer Library at General

Electric TEMPO.

Section A Contoursof Band L

Figures 1 through 16 are maps showing the contours of constant values

of B (the total magnetic field intensity in gauss) and L (the magnetic shell




¢

parameter in earth radii) at various fixed altitudes above the surface of the earth.
These maps were obtained from a modified version of the computer program TEST
due to C. E. Mcllwain which obtains the value of B and L at any specified location.
The computations in this section were all based on the Jensen and Cain set of 48
geomagnetic coefficients. The modifications introduced included a linear inter-
polation scheme to locate contours and a direct plotter output subroutine which

provide input for a Benson-Lehner tape-driven off-line plotter.

Section B Contours of B Near the Scuth Atlantic Anomaly

Figures 17 through 32 are maps showing the contours of constant values
of B (the total magnetic field intensity) in the South Atlantic region where the
intensity is minimized. These detailed maps were prepared because the intensity
changes very slowly in this region and the large scale of the worldwide maps
obscures the structure of the B contours. The L contours are omitted because
they show no special features in this region. The computational methods used

were identical to these used in Section A.

Section C Contours of B and L (Jensen and Whitaker Coefficients)

Figures 33 and 34 show the same material as section A (for a restricted
portion of the earth's surface) for two altitudes (0 and 500 km) with the difference
that these maps were calculated using the Jensen and Whitaker coefficients. Other-

wise the methods are the same as those used in Section A.

Section D Comparison between Contours (as calculated using the Jensen
and Cain Coefficients and as calculated using the Jensen and
Whitaker Coefficients)

Figures 35 through 38 show cross plots of the data in Section A and
that in Section C for both aititudes (0 and 500 km) and both quantities
(B and L). These plots allow the user to compare the differences between
the two sets of coefficients used. On a world-wide scale the difference is

quite small,
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Section E Constant B=L Traces

Figures 39 through 44 show the position and latitude of the lines
defined by a fixed pair of B and L for a variety of starting conditions.
These lines were obtained from a slightly modified version of the program
MIRROR due to R. Pennington; MIRROR is, in turn, a modification of
the TEST program used in Section A so that all the calculations are based
on the same basic codes. These calculations used only the Jensen and
Cain coefficients. As noted above the lines originating over a single
point (and their conjugate lines) '"'stack' one over another so that a single
latitude versus longitude line represents all the traces between 100 and
1500 kilometers to within 1. 5° (in the regions where they are above the
surface of the earth). Superimposed on the world map showing the surface

projection of the position is a plot of the altitude versus longitude.

Section F  Difference between Constant B-L Traces

Figures 45 through 48 show the longitude versus latitude dependency
of the B-L traces for different altitudes in much greater detail. This
material is a replotting of the data presented on a world-wide scale in

Section E.

Section G Pairs of Conjugate B-L Traces

Figures 49 and 50 are also replots of material in Section E and

show the two conjugate traces simultaneously on the same map.

Section H The Geomagnetic Equator

Figure 51 shows a map of the geomagnetic equator ot 100 kilometers
altitude; the equator at an altitude of 1500 kim is not materially different.
This map was obtained by a special code which utilized the subroutine
MAGNET with the Jensen and Cain coefficients. The equator was obtained
by searching iteratively at every longitude step for that point at the set
altitude which was a minimum of B along the line of force through itself.
The lines of force considered here were true lines of force and since they

are not constrained to a given altitude it was necessary to constantly
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correct the calculation to return to the set altitude. The equator as defined
here is that point which is a mirror point of itself; each pair of mirror points

lie one on each side of this equator.

Section | Approximate Geomagnetic Shell Latitudes

Figure 52 shows a map with the latitude versus longitude projections
of a number of different traces of constant B and L computed for different
purposes. All the computations used the MIRROR code utilized in Section E
but there was no particular consistency in the choice of altitudes. Because
of the miscellaneous nature of the data these traces can only be considered as
an approximate definition of the structure involved in the geomagnetic latitude
system. The pairs of conjugate cones are not indicated on this display but

can be inferred approximately from Figures 49 and 50.

Section J Conjugate Auroral Grids

Figures 53 through 60 are a set of grids showing the transformation
from (almost) rectangular grids in the northern hemisphere into grids in
the southern hemisphere. The points shown are at equal altitudes (70 and
100 kilometers) at the two ends of a common line of force. The data using
the Jensen and Whitaker were obtained from computations carried out by
the Air Force Special Weapons Center (reference (23)). The data using
the Jensen and Cain coefficients were obtained from a simple line following
code utilizing the MAGNET subroutine. The altitudes in question are
especially interesting because auroral displays occur at these altitudes and
the grid shows where coupled aurora borealis and aurora australis pairs

will occur simultaneously.
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Figure 5. Constant Magnetic Field Intensity, B (Gouss), and Constant Magnetic
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Figure 8, Constant Magnetic Field Intensity, B (Gauss), and Constant Magnet
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Figure 13. Constant Magnetic Field intensity, B (Gauss), and Constant Magnetic
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Figure 16. Constant Magnetic Field intensity, B (Gauss), and Constant Magnetic
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Figure 25, Constant Magnetic Field Intensity, B (Gauss), in the Region of
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Figure 29. Constant Magnetic Field Intensity, B (Gauss), inthe Region of the $
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C. CONTOURS OF B AND L

(Jensen and Whitaker Coefficients)
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D. COMPARISON BETWEEN CONTOURS

(as Calculated from the Jensen and Cain Coefficients and as
Calculated by the Jensen and Whitaker Coefficients)



Figure 35. Constant Magnetic Field Intensity B,{Gauss), Using Jensen am
Field Intensity, B (Gauss), Using Jensen and Whitaker's 512 Co
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E. CONSTANT B-L TRACES
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F. DIFFERENCES BETWEEN CONSTANT B-L TRACES
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Figure 48. Southern Hemisphere - Differences in Latitude Versus Longitude Angles |
of 1500 km and Those Conjugate Traces Having the Same Initial Latitude 46° N,
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G. PAIRS OF CONJUGATE B-L TRACES
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Constant B=L Trace in the Northern ”Hemisphere for Initial Altitude

}, Initial Latitude 17.5° N and Initial Longitude 190° E Also its

i Conjugate Trace in the Southern Hemisphere
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onstant B-L Trace in the Northern Hemisphere for Initial Altitude
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H. THE GEOMAGNETIC EQUATOR
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. APPROXIMATE GEOMAGNETIC SHELL LATITUDES



Figure 52, Approximate Geomagm
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Figure 52. Approximate Geomagnetic Sheil Latitudes
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J. CONJUGATE AURORAL GRIDS
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Figure 53. Auroral Conjugate Grids for Pacifi
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Figure 54. Auroral Conjugate Grids for Pacific
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Figure 56. Auroral Conjugate Grids for North
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